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Abstract 



H ' We borrow the minisuperspace approximation from Quantum Cosmology and 

the quenching approximation from QCD in order to derive a new form of 
the bosonic p-brane propagator. In this new approximation we obtain an 
exact description of both the collective mode deformation of the brane and 
the center of mass dynamics in the target spacetime. The collective mode 
dynamics is a generalization of string dynamics in terms of area variables. The 
final result is that the evolution of a p-brane in the quenched-minisuperspace 
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approximation is formally equivalent to the effective motion of a particle in a 
spacetime where points as well as hypersurfaces are considered on the same 
footing as fundamental geometrical objects. This geometric equivalence leads 
us to define a new tension-shell condition that is a direct extension of the 
Klein-Gordon condition for material particles to the case of a physical p- 
brane. 
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I. INTRODUCTION 



The purpose of this paper is to introduce a new approximation scheme to the quantum 
dynamics of extended objects. Our approach differs from the more conventional ones, such 
as the normal modes expansion or higher dimensional gravity, in that it is inspired by two 
different quantization schemes: one is the minisuper space approach to Quantum Cosmology 
(QC), the other is the quenching approximation to QCD. Even though these schemes apply 
to different field theories, they have a common rationale, that is, the idea of quantizing only 
a finite number of degrees of freedom while freezing, or "quenching," all the others. In QC 
this idea amounts, in practice, to quantizing a single scale factor (thereby selecting a class 
of cosmological models, for instance, the Friedman-Robertson- Walker spacetime) while ne- 
glecting the quantum fluctuations of the full metric. The effect is to turn the exact, but 
intractable, Wheeler-DeWitt functional equation into an ordinary quantum mechanical 
wave equation As a matter of fact, the various forms of the "wave function of the uni- 
verse" that attempt to describe the quantum birth of the cosmos are obtained through this 
kind of approximation 0, or modern refinements of it [Q. On the other hand, in QCD, the 
dynamics of quarks and gluons cannot be solved perturbatively outside the small coupling 
constant domain. The strong coupling regime is usually dealt with by studying the theory 
on a lattice. However, even in that case, the computation of the fermionic determinant by 
Montecarlo simulation is actually impossible. Thus, in the "quenched approximation," the 
quark determinant is set equal to unity, which amounts to neglecting the effect of virtual 
quark loops. In other words, this extreme approximation in terms of heavy-quarks with a 
vanishing number of flavors assumes that gauge fields affect quarks while quarks have no 
dynamical effect on gauge fields 0. 

Let us compare the above two situations with the basic problem that one faces when dealing 
with the dynamics of a relativistic extended object, or p-brane, for short. Ideally, one would 
like to account for all local deformations of the object configuration, i.e., those deformations 
that may take place at a generic point on the p-brane. However, any attempt to provide 
a local description of this shape-shifting process leads to a functional differential equation 
similar to the Wheeler-DeWitt equation in QC. The conventional way of handling that 
functional equation, or the equivalent infinite set of ordinary differential equations [Q, is 
through perturbation theory. There, the idea is to quantize the small oscillations about a 
classical configuration and assign to them the role of "particle states" 0. Alternative to this 
approach is the quantization of a brane of preassigned geometry. This (minisuperspace) ap- 
proach, pioneered in Ref.( was used in Refs.( 0, 0]) in order to estimate the nucleation 
rate of a spherical membrane. Presently, the minisuperspace approximation is introduced 
for the purpose of providing an exact algorithm for computing two specific components of 
the general dynamics of a p-brane: one is the brane collective mode of oscillation in terms 
of global volume variations, the other is the evolution of the brane center of mass. 

In broad terms, this paper is divided into two parts: Section II deals with classical dy- 
namics; Section HI deals with quantum dynamics in terms of the path-integral, or "sum 
over histories." 

Since the action for a classical p-brane is not unique, we start our discussion by providing 
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the necessary background with the intent of justifying our choice of action. We then take 
the first step in our approximation scheme in order to separate the center of mass motion 
from the bulk and boundary dynamics. In subsections IIC and IID we derive an effective 
action for the bulk and boundary evolution, while in subsection HE we discuss the meaning 
of the "quenching approximation" at the classical level. 

An approximation scheme for a dynamical problem is truly meaningful and useful only when 
the full theory is precisely defined, so that the technical and logical steps leading to the ap- 
proximate theory are clearly identified. Thus, in Section III we first tackle the problem of 
computing the general quantum amplitude for a p-brane to evolve from an initial configu- 
ration to a final one. The full quantum propagator is obtained as a sum over all possible 
histories of the world-manifold of the relativistic extended object. In subsection IIIA, we 
show in detail what that "sum over histories" really means, both mathematically and phys- 
ically, in order to explain why the bulk quantum dynamics cannot be solved exactly. What 
can be calculated, namely, the boundary and center of mass propagator, is discussed in 
subsections IIIB and IIIC. The final expression for the quantum propagator and the gen- 
eralized "tension-shell" condition in the quenched-minisuperspace approximation is given 
in subsection HID. Finally, subsection HIE checks the self-consistency of the result against 
some special cases of physical interest. 



II. CLASSICAL DYNAMICS 
A. Background 

The action of a classical p-brane is not unique. The first (mem)brane action, dates back 
to 1962 and was introduced by Dirac in an attempt to resolve the electron-muon puzzle 
|TT[. The Dirac action was reconsidered in Ref.( |^) and quantized following the pioneering 



path traced by Nambu-Goto in the lower dimensional string case. The Dirac-Nambu-Goto 
action represents the world volume of the membrane trajectory in spacetime. Thus, it can 
be generalized to higher dimensional p-branes as follows 

5DNG[l^] = -mp+i / d^+Vv^ , 7 = det(9™F^9„i;) , (2.1) 

where mp+i represents the "p-tension" ( we denote with "p" the spatial dimensionality of 
the brane ) and the coordinates a™, m = 0,1, ... ,p, span the (p + 1) -dimensional world- 
manifold S in parameter space. On the other hand, the embedding functions Y^{a), fi = 
0,1, . . . , D — 1, represent the brane coordinates in the target spacetime. 
An alternative description that preserves the reparametrization invariance of the world- 
manifold is achieved by introducing an auxiliary metric gmn{o') in parameter space together 
with a "cosmological constant" on the world-manifold ||T^, [|T^ 

^HTP [ 1^ , ^7 ] = rf^+V y/^ [ Y>^dnY,-{p-l)] , (2.2) 



where g = det Qmn- The two actions ( |2.1|) and (|2.2|) are classically equivalent in the sense 



that the "field equations" 6S/5g"^'^{a) = require the auxiliary world metric to match the 
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induced metric, i.e., gmn = 7mn = dmY^ dnY^. The two actions are also complementary: 
>S'dng provides an "extrinsic" geometrical description in terms of the embedding functions 
a) and the induced metric 7mn; while S'htp assigns an "intrinsic" geometry to the world 
manifold S in terms of the metric Qmn and the "cosmological constant" mp+i, with the 
y(cr) functions interpreted as a "multiplet of scalar fields" that propagate on a curved 
{p + l)-dimensional manifold. 

Note that in both functionals ( |2.1D and ( |2.2| ), the brane tension m^+i is a pre-assigned 
parameter. More recently, new action functionals have been proposed that bridge the gap 
between relativistic extended objects and gauge fields [T^, []T3|, [|r^. The brane tension 
itself, or world-manifold cosmological constant, has been lifted from an a priori assigned 
parameter to a dynamically generated quantity that may attain both positive and vanishing 



values. Either a Kaluza-Klein type mechanism [O or a modified integration measure have 



been proposed as dynamical processes for producing tension at the classical [T^ and semi- 
classical level |]TU| . 

For our present purposes, the form ( p.2|) of the p-brane action is the more appropriate 
starting point. There are essentially two reasons for this choice: 



Unlike the Nambu-Goto-Dirac action, or the Schild action , Eq. ( p. 21) is quadratic 
in the variables dmX'^. As we shall see in the following subsections, this property, 
together with the choice of an appropriate coordinate system on Sp+i, facilitates the 
factorization of the center of mass motion from the deformations of the brane. 



Equation ( p.2| ) can be interpreted as a scalar field theory in curved spacetime. From 
this point of view, the minisuperspace quantization approach is equivalent to a quan- 
tum field theory in a fixed background geometry, at least as far as the auxiliary metric 
is concerned. 



B. Center of Mass Dynamics 

The dynamics of an extended body can be formulated in general as the composition of 
the center of mass motion and the motion relative to the center of mass. 
A p-brane is by definition a spatially extended object. Thus we expect to be able to separate 
the motion of its center of mass from the shape- shifting about the center of mass. However, 
given the point like nature of the center of mass, its spacetime coordinates depend on one 
parameter only, say, the proper time r. Thus, the factorization of the center of mass motion 
automatically breaks the general covariance of the action in parameter space since it breaks 
the symmetry between the temporal parameter r and the spatial coordinates s*. We can 
turn "needs into virtue" by choosing a coordinate mesh on Sp+i that reflects the breakdown 
of general covariance in parameter space. Indeed, we can choose the model manifold Ep+i 
of the form 

Sp+i = /®Sp , dI = {P^,P} , 9Sp = 0, (2.3) 

where / is an open interval of the real axis, which has two points, say Pq and P, as its 
boundary and Sp is a finite volume, p-dimensional manifold, without boundary. Thus, 
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9Sp+i = Po ® U P (g) Sp and the spacetime image of 9Sp+i under the embedding Y 
represents the initial and final brane configuration in target spacetime. 

In terms of coordinates, the above factorization of Sp+i amounts to defining r as the 
center of mass proper time and the Sj's as spatial coordinates of Sp. Accordingly, the 
invariant line element reads: 



dl 



2 TT 



da"" da"" = -e ( r) dr^ + hij{ s) ds' ds^ 



(2.4) 



where r plays the role of "cosmological time" , that is, all clocks on Ep are synchronized 
with the center of mass clock. 

Now, we are in a position to introduce the center of mass coordinates x^{t) and the relative 
coordinates V^i t,s'^): 



1 



x^{t)^^ f d^s,/h{¥)X^{T ,s) 

d^s \Jh{ s) , h{s) = det ( hij ) . 



(2.5) 

(2.6) 
(2.7) 



Using the above definitions in the action (|2.2| ) and replacing Qmn with g^^ as indicated 
in Eq.( ^.4[ ), we find 



S = — 



1 



g 



2 

1 fT 
--TUp+iVp JdT 



mp+ig°^ i^(r)a;^(r) 



x^'(r) x^(r) 
e(r) 



+ e r 



:^'""a„r^9„r,,-mp+i(p-i))J , p>i 

\ I dP+Vv^[^'""a^r^a„F^-mp+ip] . 



The first term describes the free motion of the bulk center of mass. The absence of a mixed 
term, one that would couple the center of mass to the bulk oscillation modes, is due to the 
vanishing of the metric component 'g^^ in the adopted coordinate system (|2.4|) . The last 
term represents the usual bulk modes free action for a covariant "scalar field theory" in 
parameter space. 

Finally, if we define the brane volume mass, Mq = V^mp+i, representing the brane inertia 
under volume variation, then, from the above expression, we can read off the center of mass 
action and the corresponding Lagrangian 



Mo 
2 



dr 



+ e r 



dr Lr 



x^ ■ eir) 



(2.9) 



where the einbein e(r) ensures r reparametrization invariance along the center of mass 
world-line. 

Summarizing, the final result of this subsection is that, in the adopted coordinate frame 
where the center of mass motion is separated from the bulk and boundary dynamics, we can 
write the total action as the sum of two terms 



S — Sr/ 



^ -mp+ipj 



(2.10) 
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We emphasize that, in order to derive the expression ( p.lO|) , it was necessary to break the 
full invariance under general coordinate transformations of the initial theory, preserving only 
the more restricted symmetry under independent time and spatial coordinate reparametriza- 
tions. 



C. Induced Bulk and Boundary Actions 



In this subsection we wish to discuss those features of the brane classical dynamics which 
are instrumental for the subsequent evaluation of the quantum path-integral. 
In agreement with the restricted reparametrization invariance of the action ( |2.10| ), as dis- 
cussed in the previous subsection, we first set up a "canonical formulation" which preserves 
that same symmetry through all computational steps. This means that all the world in- 
dices m ,n , . . . are raised, lowered and contracted by means of the center of mass metric 
'g^n- From the brane action ( p.lO| ) we extract the brane relative momentum P"^^ and the 
corresponding Hamiltonian H : 



prr 



dL 



H^P^,d^Y^-L = --[g:^^ P^, P-^ + mp+i p ] 
Thus, we can write the action in the following canonical form 
S = f d^+'ay/J {P^,dmY^-H) 

= / V ^\p-^^d^Y^ + \(g,, P% P"- + p m,, 

The first term in Eq.( |2.12|) can be rewritten as follows 



(2.11) 



(2.12) 



(F+^a^P^.d^Y^ 



ip+i 



'P+i 



(2.13) 



According to Eq. ( p.l3|) we can write the total action as the sum of a boundary term plus 
a hulk term 

= / d^sVhN^p^.y'^- f rfP+Vv^y'^(a)V^P"^^- / d^+^a^H, (2.14) 

where p"^ and y'^ are the momentum and coordinate of the boundary, d'^sy/hNn represents 
the oriented surface element of the boundary, and stands for the covariant derivative 
with respect to the metric g^^n- The distinctive feature of this rearrangement is that the bulk 
coordinates Y^{a) enter the action as Lagrange multipliers enforcing the classical equation 
of motion: 
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j^ = o ^ a™(v¥/"%)=o. (2.15) 

The general solution of Eq. ( p.l5|) may be expressed as follows 

pm _-ymnQ < , J_ -mma-mp+i / pO) Q yM2 V/^p+i _L A /I ,^ 

At y '-'nYfi p\ ^ ^J■^J^2■■■^J'p+l "^^12 • • • "^mp+i '-^|m2 ^/^m3...mp+ij y 

= ^"^"9.0^ + i.^n^m2...m,^i (P°V-2...™,+i + i^(^)M™2...nt,+i ) (2-16) 

with 

□30'^(a) = O (2.17) 
5™PV2...m.+i=0. (2.18) 
Here, the components 0^ represent local harmonic modes on the bulk, and g™-'"2...mp+i ^ 
(^) "^''^ stands for the totally antisymmetric tensor. Moreover, the constant 

antisymmetric tensor P'^\^2---tip+i represents the volume momentum zero-mode, or collective- 
mode, that describes the global volume variation of the brane. 

In order to be able to treat 0, P^-* and A as independent oscillation modes, we demand 
that the following orthogonality relations are satisfied: 

Ci= j d^+'a ^ -^rnm^-m,^^ Q^^ y^^... dmp+, Y>^^+^ = 0, (2.19) 

Cii = / rf^+V ^e—^- dm r d[m, PZ.-mp,. ] = , (2.20) 

Ciii= I dP^'ay^e"'"''-^'^+^dmrd[m,Am,...mp+,] = . (2.21) 

The three orthogonality constraints on the bulk determine the field behavior on the boundary 
through Stokes' theorem. In particular Ci gives 



Ci = / 0^ dy^^ A ... A dy^'^+' =0 =^ (p^is) = 0, (2.22) 

J Sp 

which is a Dirichlet boundary condition, whereas in Cm two integrations remain: 
Cm= f dPsF^^'-"'^-^^ y'^dm.y^' . . .dmp^.y^^-"' 

- / rfP+V ^ ( F^-2-3...n^p+l y/.3 _ _ _ 5^^^^ . (2.23) 

Since the two integrations are carried over the boundary and the bulk respectively, the 
orthogonality condition can be satisfied only if each integral is identically vanishing. 

Cm '* ^'^m3...mp+i ( "5 ) ^[m-i m4..,mp^i] 

and (9^2 F^°'2m3...mp+i ^ q _ (2.24) 

Thus, A must solve free Maxwell-type equations on the bulk and reduce to a pure gauge 
configuration on the boundary. Note that under these conditions for and A, Cu is satisfied 
as well. 

In summary, the classical solution for the brane momentum reduces the original field content 
of the model to: 



8 



• a multiplet cj)^ of world, harmonic, scalar fields (target spacetime vector) which satisfy 
Dirichlet boundary conditions; 

• a multiplet A^rn-i...mp+i of world, Kalb-Ramond fields (target spacetime vector) which 
reduce to a pure gauge configuration on the boundary; 

• a world-manifold (cosmological) constant P^\^2■■■^lp+l (target spacetime constant ten- 
sor) corresponding to a constant energy background along the brane world-manifold. 



D. Effective Bulk and Boundary Actions 



By inserting Eq. ( p.lSj) into the action ( p. 12 ), and taking into account the conditions 
( p.l9| ), ( p.20|) , ( p.21|) , ( p.22|) , (p.23|) , we can write an effective classical action for the three 
types of oscillation modes. 



S'" = Sb + Sj 
Sb 



pO) 



1 



s, 



(p+1)! 

rip+i Jt.p+1 \ pi 



m f/i 



(2.25) 
(2.26) 

(2.27) 



P 1712. ..mp+i 



2m„+i 



_pO) 



{p+l)\ t'"'2-mp+i 



p0)^im2...mp+i 



P+l 5 



(2.28) 



where N"^[ s) represents the normal to the boundary and 



a 



as 



yf" dy^^ A ... A dy^'^+' 



p > 1 



(2.29) 



stands for the volume tensor of the brane in target spacetime, while da^^^'"^p+^{s) rep- 
resents the oriented volume element attached to the original p-brane at the contact point 
= y^{s). Finally, by definition, we set 



fi„+i = / dP+^(j^= r dre^T) I dPaVh = Vp ^drei 

JSp+i Jo JEp Jo 



(2.30) 



Expression ( |2.29| ) allows us to establish a relation between functional derivatives in 
p-loop space, 
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Syf^{ s 



§^llfl2...flp+l(^ S ) 



(2.31) 



The above relationship can be used to describe the shape deformations, or local distor- 
tions of the p-brane in terms of the Jacobi equation in p-loop space E^. The boundary 
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effective action Sb leads us to define the boundary momentum density as the dynamical 
variable canonically conjugated to the boundary coordinate y'^is): 

^% ^ P,( s) = 1 6"^-™-+^ dm, y"'... dmp^, y''^^^ + AT- dm . (2.32) 



Here, P^{s) describes the overall response of the p-brane boundary to local volume 
deformations encoded into da^^'^'^^+^ls), as well as to induced harmonic deformations, or- 
thogonal to the boundary, described by the normal derivative of 0^. In a similar way, we can 
define the energy density of the system as the dynamical variable canonically conjugated to 
the p-brane history volume variation 

^^■^ - ^ pO) pO)MM2...Mp+i _ "^P+i „ (0 

da,^^ 2mp+i(p+l)!^ 2 ^^■"'"'^ 

Finally, from the anti-symmetry of P^\f_i2...fip+i under index permutations we deduce the 
following identity 

^ J^Try. p'^^^^-^r.^^ . (2.34) 

Thus, we arrive at the main result of the classical formulation in the form of a 
reparametrization invariant, relativistic, effective Jacobi equation 

(2.35) 

This Jacobi equation encodes the boundary dynamics of the p-brane with respect to an 
evolution parameter represented by the world-volume of the p-brane history. This is a gener- 
alization of the areal string dynamics originally introduced by Eguchi p2[ via reparametriza- 
tion of the Schild action [EOl, p3i. 



E. "Classical Quenching" Volume Dynamics 

The Jacobi equation derived in the previous subsection takes into account both the in- 
trinsic fluctuations 6y^{s) and the normal boundary deformations dN"^dm4'^ induced by 
the bulk field 0'^. The problem is that, even neglecting the boundary fluctuations induced 
by the bulk harmonic mode, the p-loop space Jacobi equation is difficult to handle |^ 



In order to make some progress, it is necessary to forgo the local fluctuations of the 
brane in favor of the simpler, global description in terms of hyper-volume variations, without 
reference to any speciflc point on the p-brane where a local fluctuation may actually occur. 
Thus, in our formulation of p-brane dynamics, classical quenching means having to relin- 
quish the idea of describing the local deformations 4>'^{cr) of the brane, and to focus instead 
on the collective mode of oscillation. In turn, by "collective dynamics," we mean volume 
variations with no reference to the local fluctuations which cause the volume to vary. In 
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this approximation we can write a "global", i.e., non- functional, p-brane wave equation. 



The effective action that encodes the volume dynamics, say 5*0, is obtained from Sj + Sb 
by "freezing" both the harmonic and Kalb-Ramond bulk modes. The simplification is that 
the general action reduces to the following form 



I Q„ > Q„ — fiti2---^v+i pO) 



■p+i 



1 pO) pO)MM2...Mp+l _ „ 



2mp+i(p + l)! 



(2.36) 



so that the functional equation reduces to a partial differential equation 



The collective-mode dynamics is much simpler to handle. In fact, the functional deriva- 
tives that describe the shape variation of the brane have been replaced by "ordinary" partial 
derivatives that take into account only hyper-volume variations, rather than local distor- 
tions. In other words, while the original equation ( |2.35|) describes the shape dynamics, the 
global equation ( p.37| ) accounts for the collective dynamics of the brane. The advantage of 
the Jacobi equation ( p.37| ) is that the partial derivative is taken with respect to a matrix 
coordinate cr^i...^p+i instead of the usual position four-vector. 

The similarity with the point particle case {p = 0) suggests the following ansatz for 5*0 

"°'^^")^2f^(?TT^ -<-'^"y--^pV^^, (2.38) 

where (Jq^'"^p+^ represents a constant ( matrix ) of integration to be determined by the 
"initial conditions", while the value of the B factor is fixed by the equation ( |2.37| ). Indeed 

° ' - o-QW-Mp+i ) (2-39) 



Q^^il...^^p+l ^ 



and 



" "2^],+l b+ 1)! y"""'-'^^' ~ ^o)......,,.j -^P%^i (2.40) 

so that 

B = -rrip+i (2.41) 

= -Ig; (?TT^ - <r-" y - V. . (2.42) 

For the sake of simplicity, one may choose the integration constant to vanish, i.e., one 
may set a^^'"^''^^ = 0. Thus, in the quenching approximation, we have obtained the classical 
Jacobi action for the hyper- volume dynamics of a free p-brane. 
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III. THE FULL QUANTUM PROPAGATOR 



A. "Momentum Space" Propagator 



Eventually, one is interested in computing the quantum amplitude for the brane to 
evolve from an initial (vacuum) state to a final, finite volume, state. In general, the p-brane 
"two-point" Green function represents the correlation function between an initial brane 
configuration yo(s) and a final configuration y{s). In the quantum theory of p-branes the 
Green function is obtained as a sum over all possible histories of the world-manifold T^p+i 
in the corresponding phase space. For the sake of simplicity, one may "squeeze" the initial 
boundary of the brane history to a single point. In other words, the physical process that 
we have in mind represents the quantum nucleation of a p-brane so that the propagator 
that we wish to determine connects an initial brane of zero size to a final object of proper 
volume Vp. The corresponding amplitude G is represented by the path-integral: 



g = J [Vg^^] Jj-Dxir)] J [Vp{T)] f[VY^][VP^,\ x 



X exp I I (F^^a ^/g 



-i f (F^^a^ 



.00 



2m. 



2m, 



v+i 



„ pm pij,n 
ymn ^ n ■'■ 



P 



rup+i 



(3.1) 



Summing over "all" the brane histories in phase space means summing over all the 
dynamical variables, that is, the shapes y(cr) of the world-manifold Ep+i, over the rates 
of shape change, P"*^((t), and over the bulk intrinsic geometries, gmni^^), with the overall 
condition that the shape of the boundary is described by — y^{s) and its intrinsic 
geometry by /iij( s). Thus, 



[T^9mn] = [Dgmn] Hdm, 

= [Vgoo] [Ve]6 



900 - e [T) 



(3.2) 



where the only non-trivial integration is over the unconstrained field e(r). 
Carrying out all three functional integrations would give us a boundary effective theory en- 
coding all the information about bulk quantum dynamics, in agreement with the Holographic 
Principle. However, there are several technical difficulties that need to be overcome before 
reaching that goal. 

Let us begin with the shape variables Y^^{(t); they appear in the path-integral as "Fourier 
integration variables" linearly conjugated to the classical equation of motion. Hence, the Y 
integration gives a (functional) Dirac-delta that confines P™^ on-shell: 



(3.3) 



The proportionality constant in front of the Dirac-delta is physically irrelevant and can 
be set equal to unity. 
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Integrating out the brane coordinates is equivalent to "shifting from configuration space to 
momentum space" in a functional sense. However, the momentum integration is not free, 
but is restricted by Eq. ( |3.3| ) to the family of classical trajectories that are solutions of 
equation (|2.15|) . Then, we can write the two-points Green function as follows 



G = N 



(3.4) 



where is a normalization factor to be determined at the end of the calculations, S"^-^-^ is the 
effective action ( |2.25| ) and we integrate over the zero mode components in the ordinary sense, 
that is, we integrate over numbers and not over functions. It may be worth emphasizing 
that we have traded the original set of scalar fields y^(a) with the "Fourier conjugated" 
modes 0, A, Then 

G = N J[Vg]expi^~z^p d^+'a ^- det g^^"^ K [a ; g] Z^,a [ 9 ] ■ (3.5) 

We recall that 

Vp+i= i (F^^a \J — det gmn = / <Ps J — det hij / dTe{T) = Vp dre^r) (3.6) 
and 



K[a-e] = N frfP^) 



exp 



(37) 



At this point, we would like to factor out of the whole path-integral the boundary 
dynamics, i.e. we would like to write K = K (boundary) x K{bulk). In order to achieve 
this splitting between bulk and boundary dynamics, we need to remove the dependence on 
the 00-component of the bulk metric gmn itl K [a ; e]. In other words, we are looking for a 

propagator where \f\o] plays the role of "euclidean distance" between the initial and final 
configuration. In support of this interpretation, we also need a suitable parameter that 
plays the role of "proper time" along the history of the branes connecting the initial and 
final configurations. The obvious candidate for that role is the proper time lapse Jq drelr). 
However, the e-field is subject to quantum fiuctuations, so that the proper time lapse is a 
quantum variable itself. Accordingly, a c-number i7p+i can be defined only as a quantum 
average of the proper world volume operator 



^p+i = Vp{ / rfre(r)) 





(3.8) 



Thus, we replace the quantum proper volume with the quantum average Qp+i 

in i^' [ 0" ; e ] and write the boundary propagator in the form 
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N 



exp 



(p+1)! 



+i 



^P+i po) pO)^J.^l2■■■^lp+l 



(3.9) 



while the amphtude becomes 



G = N dVlp+i exp 



_^^7^£+i ^ ^^^^ \K[a ; ^]p+l ■ 



(3.10) 



The "bulk" quantum physics is encoded now into the path-integral 



2mp+i(p+ 1)! 



Z^a[9] = J[V(j)][VA]exp- 

X / d^+'a^ (g'^^d^(f)^dr.r--^F^m,...mp{A)F^^„„^^{A)]] . (3.11) 

JSp+i Y p. J j 

Equation (|3.10|) presents a new problem: the constraint over the metric integration, 
which allowed us to factor out the boundary dynamics, is highly non-linear as it depends on 
the vacuum average of the quantum volume. However, we can get around this difficulty by 
replacing the Dirac delta with an exponential weight factor 



p+i 



VA dreir)) 



exp I — i A ^ fip+i — Vpjdr 



e r 



(3.12) 



where A is a constant Lagrange multiplier. Thus, we first perform all calculations with 



r^p+i as an arbitrary evolution parameter and only at the end we impose the condition 



=^ Vtp+i = Vp{ f dTe{T)) . 
Jo 

In this way, we can write the A dependent amplitude in the form 



(3.13) 



G = N dQp+i exp <^ -iVlp+i A + 



p 



(3.14) 



where the bulk quantum physics is encoded into the path-integral 



Z^^Alg ;A] =expi2AV; £ dreir) I J[V(P][VA] exp 



2mp+i(p + l)! 
JSp+i y p. 



(3.15) 
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B. The Boundary Propagator 



The main point of the whole discussion in the previous subsection is this: even though 
the bulk quantum dynamics cannot he solved exactly, since there is no way to compute the 
bulk fluctuations in closed form, the boundary propagator can be evaluated exactly. This is 
because the integral ( |3.9| ) is gaussian in P°): 



P+i . 



if D \ 

2 \p+l) 



(3.16) 



Moreover, one can check through an exphcit calculation that the kernel K solves the 
(matrix) Schroedinger equation 



2mp+i(p+ 1)! (5cr^'i-'^p+i Q(j^^ 



Mi---A'p+i 



d 



with the boundary condition 



hrn K [a — ao ; i7p+i ] = 5 [ |o" — ctqI 



(3.17) 



(3.18) 



Notice that the average proper volume i^p+i enters the expression of the kernel K only 
through the combination nip^i/Qp^i. Thus, the limit ( p.l8|) is physically equivalent to the 

infinite tension limit where fip+i is kept fixed and mp+i — > oo: 



lim K [a — ao ; Qp+i 



6 



\a - ctqI 



(3.19) 



In the limit ( p. 19 ) the infinite tension shrinks the brane to a pointlike object. 
From the above discussion we infer that the quantum dynamics of the collective mode can 
be described either by the zero mode propagator ( |3.16|) , or by the wavelike equation 



d 



■p+i 



2mp+i(p + 1)! 9(t'^i-mp+i da^^,,,^^^^ j 
^0 [cr ; Jlp+i] = J[dao] K [a - ao ; ilp+i] [ao ; 



-^0 [(r;n 



■p+i . 



(3.20) 



where [ o"o ; ] represents the initial state wave function. Comparing the "Schroedinger 
equation" ( |3.17| ) with the Jacobi equation ( |2.35| ) suggests the following Correspondence 
Principle among classical variables and quantum operators: 



E 



d 



Qg-fll...llp+l 

d 

-i- 



' P>1 



on 



(3.21) 
(3.22) 



In summary, the main result of this section is that the general form of the quantum propa- 
gator for a closed bosonic p-brane can be written in the following form 
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G = N J dQp+i exp <j iQp+i 



A + 



m, 



P+1 



P 



if D ^ 

2 Ip+lJ 



X exp 



2(p + l)!^]p+l 



/Ji.../jp+i 



a 



"^p+i 

[Pe]ir,„[x-Xo ;e(r)] Z[e ;A] . (3.23) 



IV. "MINISUPERSPACE QUENCHED PROPAGATOR" 

At this stage in our discussion, we can explicitly define our approximation scheme. It 
consists of three main steps. 

The first essential step, discussed in subsection JIB, consists in splitting the metric of the 
world-manifold according to Eq.( |2.4| ). In a broad sense, this is a "minisuperspace approx- 
imation" to the extent that it restricts the general covariance of the action in parameter 
space. In other words, separating the center of mass proper time from the spatial co- 
ordinates on the world manifold Sp+i effectively breaks the full invariance under general 
coordinate transformations into two symmetry groups: 



General Diffs — > (time) Rep ® (spatial) Diffs 



(4.1) 



so that the metric (2^) shows a residual symmetry under independent time 
reparametrizations and spatial diffeomorphisms. By virtue of this operation, we were able to 
separate the center of mass motion from the bulk and boundary dynamics. This is encoded 
in the split form ( |2.10| ) of the total action for the p-brane. 

The second and more strict interpretation of the minisuperspace approximation is that we 
now "freeze" the world metric into a background configuration where the space is a 
p-sphere, while goo, or its square root e(r), is free to fluctuate. In other words, we work in 
a minisuperspace of all possible world geometries. 

The third and last step in our procedure is an adaptation of one of the most useful approxi- 
mations to the exact dynamics of interacting quarks and gluons, namely, Quenched QCD". 
There, the contribution of the determinant of the quark kinetic operator is set equal to one. 
In the same spirit we "quench" all the bulk oscillations: 



Z^A [ e ; A ] — > exp {-iA Qp+i } 



(4.2) 



Combining these three steps, we obtain from ( |3.23| ) the quenched-minisuperspace prop- 
agator. 



G[x - xo ,cr] =N dQp+i exp lipQp+i^— j 



exp 



trup+i 



a 



i vr Qp+i 



if D \ 

2 \p+lj 



X 



2fip+i (p+1)! 



Ve] Kc-m [x-xo ;e(r)] 5 



drei T 



p+1 



The center of mass propagator Kcm[x — Xo ;e(r)] can be computed as follows p7 
From the Lagrangian Lcm we can define the center of mass momentum p^ as follows 
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^x^^{T') e[r ) 

By Legendre transforming Lcm we obtain the center of mass Hamiltonian: 



e r 



Hem =p„x'' - Lem = P^p" + 



Moreover, the canonical form of 6*2,71 reads 



JO 



dT 



e r 



2Mo 



{p,p^ + M^) 



(4.4) 



(4.5) 



(4.6) 



so that the quantum dynamics of the bulk center of mass is described by the path-integral 

Kem[x-Xo;e{T)]= J [Vx] [Vp] e'^^^^"" '^'^^^K (4.7) 

This path-integral can be reduced to an ordinary integral over the constant four mo- 
mentum Qij^ of a point particle of mass Mq 



Kem[x-Xo;e{r)]^J ^ e^^''(^^-o ) exp [- £ dr'^ {q,q' + M^,) 



(4.8) 



In order to get the explicit form of the center of mass propagator wc have to integrate, in 
the ordinary sense, over q^. However, before that we must integrate, in the functional sense, 
over the einbein field e( r ) . 

Using the properties of the Dirac-delta distribution, the einbein field can be integrated 
out : 



J[Ve]S £dTe{T)-np+jVp exp -i £ dr ^ (q.q'' + M^) 



exp 
exp 



a 



'P+i 



2MoVp 



{q,q^+ Ml 



(4.9) 



and 

/ ^!^e^«'^(-'^-^)exp 
J (27r)^ ^ 



g^g 



2MoVp 



TvMoVp 



D/2 



exp 



{x - XoY 



(4.10) 



Using the above results, the "QCD-QC combined approximation" leads to the following 
expression for the propagator 



G [x — Xq ,a] — N j ciOp+i exp < i Op+i 



Mo ■ 


) 




2Vp 







X exp 



2Vtp+^ {p + 1) 



nMoVp 



D/2 



exp 



, M,Vp 
2^p+i 



X - XoY 



(4.11) 
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The amplitude ([4.11|) can be cast in a more familiar form in terms of the Schwinger- 
Feynman parametrization 



s = 



4V„ds 



(4.12) 



Using the above parametrization, the quantum propagator takes its final form in the 
minisuperspace-quenched approximation 



poo / 7,-Mn \ 

G[x -xo ,(r ■,Mo]= NV„ ds [ 

Jo \ is 

exp 1 1 s— {p + 1) 



exp 

Mo 



■ Mo. .2 
t—{x -Xo) 
2s 



iirVpS 



if D \ 
2 \p+lj 



exp 



2Mo Jo 
exp < i 



ds 

Mo 
2s 



IS 



Mn 



inVpS 



if D \ 



iMo 1 
2sV;2(P+l)! J 

f • Mo , , , I 
exp|2s — (p+ 1) } X 



X - Xo) + 



(4.13) 



Here we have set N = i/2Mo Vp in order to match the form of the point particle propa- 
gator. 

The formula ( |4.13| ) represents the main result of all previous calculations and holds for any 
p in any number of spacetime dimensions. 



A. Green Function Equation Tension Shell Condition 

For completeness of exposition, in this subsection we derive the master equation satisfied 
by the Green function (|4.13|) in the quenched-minisuperspace approximation. Then, by 
formally inverting that equation we arrive at an alternative expression for the Green function 
in momentum space. The advantage of this procedure is that it provides a useful insight 
into the structure of the p-brane propagator. 

To begin with, it seems useful to remark that the propagation kernel in ( [4.13| ) is the product 
of the center of mass kernel Kcm {x — xq ; s) and the volume kernel K {a ; s ) ; each term 
carries a weight given by the phase factor expiMgs and expipMo s, respectively. Finally, 
we integrate over all the values of the Feynman parameter s: 

G[x-a;o ;Mo] = ^ ds exp ^ s {p + 1) ^ K,mix - xo ; s) K {a ; s) . (4.14) 

As is customary in the Green function technique, we may add an infinitesimal imaginary 
part to the mass in the exponent, that is, (Mo/2) (Mo/2)+2e, so that the oscillatory phase 
turns into an exponentially damped factor enforcing convergence at the upper integration 
limit. The "ie" prescription in the exponent allows one to perform an integration by parts 
leading to the following expression 



18 



G[x — xo ; M( 



M2(p+1 
1 /•°° , \ ,Mq 



exp <; « ( ^ + ) s (p + 1) }> K^m (x - xq ; s) K (a ; s) 



d_ 

ds 



X — xq ; s ) K ia ; s 





(4.15) 



Convergence of the integral enables us to express the partial derivative d/ds by means of 
the diffusion equations for Kcm and K and to move the differential operators d'^, d'^/da'^ 
out of the integral: 

G[x-xo;Mo] = MoMp+l) [^^^~"^°^^^^'^^]~ Mg(p+l) io | ^ ^ ^ + 1) | 



x[{K {a -,3) d^'d^ fsTcm ( x - xq ; s ) ) 



Kcm {x-xo ; s ) 
1 



d^K(a-s 



+ 



MoMp + I) 
1 / 



(p + 1)! 

— Xo) 5(cr ;s) 



(9 9^ + 



M2(p+1 

from which we deduce the desired result, 



G ( X — Xo , cr ; s ) , (4.16) 



G(x — Xo,cr)=(5'^(x — Xo)5(cr) . 

(4.17) 



This is the Green function equation for the non-standard differential operator d^^df^ + 
Vpd'^/da'^. Finally, we "Fourier transform" the Green function by extending the momentum 
space to a larger space that includes the volume momentum as well: 



G(x-xo,a) = /A^/[ 



dk. 



X ■ 



J exp 1^ z ( X - Xo j'^ + ^ Si-Mp+i ^ 

1 



fii...fip+i 



(4.18) 



The vanishing of the denominator in ( |4.18| ) defines a new tension-shell condition: 

_^ + (p+1)M2 = 0. (4.19) 



y2 

2 _|_ P u2 



Real branes, as opposed to virtual branes, must satisfy the condition ([4.19|) which links 
together center of mass and volume momentum squared. Equation ( [4.19| ) represents an 
extension of the familiar Klein-Gordon condition for point-particles to relativistic extended 
objects. 

Some physical consequences of the "tension-shell condition", as well as the mathematical 
structure of the underlying spacetime geometry are currently under investigation and 
will be reported in a forthcoming letter. In the next subsection we limit ourselves to check 
the consistency of our results against some familiar cases of physical interest. 
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B. Checks 



1. Infinite Tension Limit 

When probed at low energy (resolution) an extended object effectively looks like a point- 
particle. In this case, "low energy" means an energy which is small compared with the 
energy scale determined by the brane tension. In natural units, the tension of a p-brane 
has dimension: [Tp] = { ener gy y~^^ . Thus, when probing the brane at energy E << 
(TpY^^^^ one cannot resolve the extended structure of the object. From this perspective, 
the ^^point-like limif of a p-brane is equivalent to the ^Hnfi,nite tension limif . In either case, 
no higher vibration modes are excited and one expects the brane to appear concentrated, 
or "collapsed", in its own center of mass. This critical limit can be obtained from the 
general result ( [4.13[ ) by setting p = and performing the limit Vp —>■ using the familiar 



representation of the Dirac-delta distribution: 

6{x) = \imi — ] exp(-xVe) . (4.20) 

In our case: — > cr^/(p + l)', e ~^ —'iMo/4:sVp, d — > (p+i), and the whole dependence 
on the volume coordinates of the brane reduces to a delta function which is different from 
zero only when a = 0. In this case, G[x — xq ; Mq] reduces to the familiar expression for 
the Feynman propagator for a point particle of mass Mq, 

G[x-a;o;Mo] =5[a^] (^) ^xp ( -z ^ .) exp { . ^ (a: - a:o )^ } • (4.21) 



2. Spherical Membrane Wave Function 

lYiom. the results of the previous subsections we can immediately extract the generalized 
Klein-Gordon equation for a 2-brane in four spacetime dimensions: 



3' drr /5fT^i/^2M3 



ip + 1) 



^ (x ,0- 







(4.22) 



In the following we show briefly how this wave equation specializes to the case of a gauge 
fixed, or spherical, membrane of fixed radius p|, 0. Moreover, since it is widely believed 
that p-brane physics may be especially relevant at Planckian energy, we assume that our 
2-brane is a fundamental object characterized by Planck units of tension and length. Thus, 
for a spherical 2-brane of radius R we have: 



Vo = AttI 



Pb 



(4.23) 



4:7r 

^MiM2M = ^[Mi ] i?3, (4.24) 

^ 3 
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(4.25) 



1 9 



(4.26) 



Since there is no mixing between ordinary and volume derivative, we can use the method 
of separation of variables to factorize the dependence of the wave function on x and a 



^ (x ,a' 



(x) iJoiR] 



0(x) 



. 



(4.27) 



Here, (t)o{x) represents the center of mass wave function, while the "relative motion wave 
function" ip {R) must satisfy the following equation 



1 did 



47ri?2 dR i?2 dR 



'■PI 



. 



(4.28) 



Apart from some ordering ambiguities, equation ([4.28|) is the wave equation found in Ref. 
1^, [0, [|TU[, for the zero energy eigenstate, provided we identify the membrane tension p 
through the expression 



P 



pMl 
47r/2j 



(4.29) 



It may be worth emphasizing that our approach preserves time reparametrization invari- 
ance throughout all computational steps, while the conventional minisuperspace approxima- 
tion assumes a gauge choice from the very beginning. 
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